m Ecole
polytechnique
fédeérale
de Lausanne

-

6.1 - Resonators
Eigenvalues,
Eigenmodes

Prof. Guillermo Villanueva




=P~L Introduction

= Concept of resonator

= Eigenvalues - Resonant frequencies

= Eigenvectors - Normal modes
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=P

What is a resonator?




=P~L What is a resonator?

= System which response to an external force is amplified at given frequencies

= Enhancement determined by the quality factor

mx + cx + kx = F(t)

=

Transfer function (A.U.)
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=P~L Why resonators?

= Frequency Is the magnitude that we can measure the most precise in the world

9 Transducer | §f, | Frequency

- counter

SRf Data storage
¢ = Freguency stores information about different magnitudes
g = Mass
ks = Stiffness
< = [emperature
§ = Pressure
S
N
=



=P~L Why resonators? E.g. mass detection

= Smaller mass means larger (relative) responsivity

oSm | Transducer 0fr | Frequency

- 1/ counter

SRf Data storage
f _i k )(SfR_ 1om mx + cx + kx = F(t)
R 2 m  fg - 2m
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=P

Eigenvalues




=PFL Solving the Eigenvalue problem

= \We will consider flexural resonators

= |f we take a differential section and we apply 2" Newton’s law:
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=PFL Solving the Eigenvalue problem

= \We will consider flexural resonators

= |f we take a differential section and we apply 2" Newton’s law:

1%
F=ma-V(x)—-V(x+dx) = (')xdx =pAdxﬁ
v (%)
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v __ w3 (3w L 8w v (X
_— > _— | = — _
ox . P22 T axz\ " a2 PAG5¢2

o'w  pAd*w A{'

ax*  EI Ot2



=PFL Solving the Eigenvalue problem

= We will consider flexural resonators
= With uniform, monomaterial cross section (for the moment)

*w pA 0*w

ax* ~ EI dt?
= Separation of variables, solution of the form: w(x, t) = X(x)T(t)
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=PFL Solving the Eigenvalue problem

= We will consider flexural resonators
= With uniform, monomaterial cross section (for the moment)

*w pA 0*w

ax* ~ EI dt?
= Separation of variables, solution of the form: w(x, t) = X(x)T(t)
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=PFL Solving the Eigenvalue problem

= \We wi
= Wit

| consider flexural resonators

N uniform, monomaterial cross section (for the moment)

*w pA 0*w

dx*  EI 0t2

= Separation of variables, solution of the form: w(x, t) = X(x)T(t)

ME426 - Lecture 6 - Resonators

1 0*X(x) pA 1 9*T(t) o]
X(x) ax4 o EI T(t) 61:2 = constant = A‘l'
PA_L 0T Lo 1(0) = By cos(ot) + By sin(ot) ;0 = 2
= — — . —
EIT(t) Ot2 24 1 COS(W 2 SIn(wt) ; DA 7
X(x) 9x =3 — X(x) = Cy cos (I) + C, cosh (E) + (53 sin (z) + (4 smh(

A

»



=PFL Eigenvalues - Boundary conditions

= Solution at t = 0 is maximum: T(t) = By cos(wt) ; w? = El 1

pA A4

= Spatial boundary conditions:

g
g
§ X(x=0)=0 X(x=0)=0
§ X'(x=0)=0 X'(x=0)=0
=

X"(x=1)=0 X(x=1)=0

X’”(X=L)=O X’(x:L):O



=PFL Eigenvalues - Boundary conditions

EI 1

= Solution at t = 0 IS maximum: T(t) = B, cos(wt) ; w? =
pA A4

= Spatial boundary conditions:

E X(x=0)=0
J X'(x=0)=0
=

X'(x=L)=0

X"(x=1)=0



=PFL Eigenvalues - Boundary conditions

ME426 - Lecture 6 - Resonators

= Solution att = 0 is maximum:

= Spatial boundary conditions:

T~

X(x=0)=0
X'(x=0)=0
X'(x=L)=0
X"(x=L)=0

X(x) = (Cos G) — cosh( ) > (

EI 1

_ L2
T(t) = By cos(wt) ; w = A7

X(x) = C; cos (/1) + C, cosh f + (5 sin (/1) + C, sinh G)

A
X(x =0)=0 l

X =6 COS — Cy cosh f) + (3 sm x + C, sinh (E)
X' (x =0)=0 /1

X(x) = €, cos (z) C1 COSh ;) + (3 sin (/1) C; sinh G)
X"(x=L1L)=0 l

| I~ o B~

) ) n )

+ sinh (—) Z

sin (



=PFL Eigenvalues - Boundary conditions

EI 1
pA A4

= Solution att = 0 is maximum: T(t) = B, cos(wt) ; w? =

= Spatial boundary conditions:
L L
X(x) — C]_ (COS (E) — cosh (;) n COS (z) + cosh (I)

sin (£) + sin (£) (30 ()= GD)

X"x=L)=0 C; = 0 - Trivial solution — DISCARDED

2(1+cos(Reosh(3)) (%) cosh () = 0
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X(x=0)=0 A3 (Sin (%) + sinh (%)) A A
X'(x=0)=0
X'(x=L)=0

X"(x=1)=0



=PFL Eigenvalues - Boundary conditions

EI 1
pA A4

= Solution att = 0 is maximum: T(t) = B, cos(wt) ; w? =

= Spatial boundary conditions:

s (Gn () =0
COS P COS P —

g

o

é '

(CI) 10

)

> 1 1.875 3.515

: X(x=0)=0 Cﬁ O .,0 O, O , 2 4.694 22.03

3 X'(x =0) =0 3 7.855 61.7

= ~10

X'(x=1)=0 =>4 nn—p_i (nn—p_i)z

-0 — 2 2

X"(x=1)=0



=PFL Eigenvalues - Boundary conditions
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= Solution att = 0 is maximum:

= Spatial boundary conditions:

X(x=0)=0
X'(x=0)=0
X(x=L)=0
X'(x=L)=0 X(x) =G

EI 1

_ L2
T(t) = B; cos(wt) ; w = A7

X(x) = C; cos G) + C, cosh (;) + (5 sin G) + C4 sinh G)

X(x=0) =0 l

X(x) = C; cos G) — (1 cosh G) + (3 sin G) + C, sinh G)

X'(x=0) =0 l

X(x) = C; cos G) — (4 cosh G) + (3 sin G) — (3 sinh (%)

X(x=L)=0 l

) +simn (4

@) (428

\ A A cos (

ol =[] =



=PFL Eigenvalues - Boundary conditions

EI 1

] . 0 - . B D2
Solution at t = 0 is maximum: T(t) = By cos(wt) ; w* = DA 7

= Spatial boundary conditions: [

|l =

oS (f) _ cosh (f) n SIn (_) + sinh (%) (Sin (f) — sinh (f))

N TR R

A A

S
% X(x=L)=0 l C; = 0 - Trivial solution — DISCARDED
A
E 2C4 (—1 COS (%) cosh (%)) L L
S X( 0) = 0 7 7 =(0—-> —1+4 cos (z) cosh (Z) =0
- X = = cos|=) — cosh(=
q.) D -eosn(
S X'(x=0)=0
>

X(x=L)=0

X'(x=L)=0




=PFL Eigenvalues - Boundary conditions
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20

= Solution att = 0 is maximum:

= Spatial boundary conditions:

X(x=0)=0
X'(x=0)=0
X(x=L)=0

X'(x=L)=0

10

-10

-15

T(t) = B, cos(wt) ; w* =

COS (:

12

L

A

o

16

18 20
L/,

L

A

EI 1
pA A4

)-1=0

1 4.73 22.37
2 7.853 61.67
T T 2
= _
>3 nm 5 (mr + 2)




=P

Eigenvectors




=PFL Eigenvectors // Eigenmodes

= Solution of the type: w(x, t) = X(x)T(t)
= C-C beam

. W(x, t) _ B, C1 COS(a)nt) (COS (Axn) cosh (Axn) I Sin(%)+sinh(%)) (sin (Axn)

COS(T)—COSh(T

n n

= Cantilever:
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22

| sin(z)+sinh(m)

« w(x,t) = B;C; cos(wy,t) (COS ( - ) cosh ( “ ) | COS(%)JFCOS}I(};L") (sinh (

= [ngeneral: w(x,t) « Cos(a)nt Mode shape

= What about B;C;”

ney are only partially important

ney define what we can call the “normalization” of the modes

X




=P~L Why do we call them Eigenvectors?

= Remember that we were solving this equation
0*w  pAd*w

Ox4 El 0t?

= \We can now substitute: w(x, 1}55)Ioc1 cos(w,t) ¢, (x) and we end up with n equations:
(x) = w%gbn(x)

¢
pAX; "

= This is a diagonalized matrix problem, without differential terms, only algebraic

= |t can be shown that the set of functions/vectors {¢,(x); ¢, (x); Pp3(x); b, (x); ...}
form an orthogonal base for the Hilbert space of functions within x € [0, L]

ME426 - Lecture 6 - Resonators

= \Why not orthonormal?
23



=P~L Normalization

= \WWe can choose any normalization for the mode shapes that we want.

= We need to be aware of the consequences and the things that will change once a
choice is made

= Typical choices:

0 * Pn(Xmax) = 1

6 iswar—10 [ p©d -

ME426 - Lecture 6 - Resonators

e- Ly pidx =10 [[2@©)dE =1

= This one follows the definition of scalar product and allows to define: fol Gn (&) P (&) dé = 6 m

24
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6.2 - Resonators
Lumped Model,
Stress effect
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=P~L Introduction

= Equation of motion

= L umped element model

= Stress effect on frequency

= Solution of the Equation of Motion

ME426 - Lecture 6 - Resonators
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=P

Actual Equation of Motion




=PFL Go back to the Eigenvalue equation...

0%w | 04w
pA——+ El—— =0

ators

ME426 - Lecture 6 - Reson
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= The general solution of this equation iIs more complicated than what we calculated

before:

0%w 04w

A - El
P 5 ¢z dx*

=0

L Go back to the Eigenvalue equation...

w(x,t) = 2 Wn COS((‘)nt) ¢n(x) — 2 Wn(t)¢n(x)

= | inear combination of the different vectors in the base - thus a general solution

= Remember:

f ¢n(x)¢m(x) dx = nm
f B () Py (8) dE = 6,1

Zf br (x) dx
f P2(8) de

s




=PFL ...and now we write the actual equation

0%w ow 04w
pA 372 + C Y - ET v = p(x,t)

= Where c is the damping coefficient and p(x, t) is the force density over differential
ength

= Even though the equation is different, whenever the damping is small enough, we
can still use the same eigenvectors // normal modes that we calculated before,
thus:

ME426 - Lecture 6 - Resonators
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=PFL ...and now we write the actual equation

0%w ow 04w
pA 372 + C Y - ET v = p(x,t)

= Where c is the damping coefficient and p(x, t) is the force density over differential
ength

= Even though the equation is different, whenever the damping is small enough, we
can still use the same eigenvectors // normal modes that we calculated before,
thus:

pA ) i(O)pn () +¢ ) Vi (Opn(0) + EL ) wa(D$H () = p(x, )
n=1 n=1 n=1

= |n order to simplify this equation, we can check on what happens at one mode

ME426 - Lecture 6 - Resonators



=PFL Single mode solution

pA Y (D)5 () + ¢ Y ()b () + EL Y wy( )bl (1) = px, 0
=1 =1 =1

ME426 - Lecture 6 - Resonators
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=PFL Single mode solution

pA Y (D)5 () + ¢ Y ()b () + EL Y wy( )bl (1) = px, 0
=1 =1 =1

= To do the projection we multiply everything times the mode shape ¢.,(x) and
iINntegrate

L O O 00 L
| (pA > (0600 + ¢ ) (O +E1 ) wj<t>¢;V<x>> B (6) dx = | P On(x) dx
0 j=1 j=1 j=1 0

L

L L L
0 A (6) f B2(x) dx + iy (6) f B2 (x) dx + Elw, () f B2 (x) dx = f D (%, ) (%) dx
0 0 0

0

ME426 - Lecture 6 - Resonators
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=PFL Single mode solution - Lump element model

L L L L
0 AV (£) fo B2 (x) dx + vy () fo B2(x) dx + Elwy () jo B2 (x) dx = fo p(x, D)y (x) dx

meff,nwn(t) T Feff,nwn(t) T keff,nwn(t) — Feff,n(t)

mz(t) +Tz(t) + kz(t) = F(t)

ME426 - Lecture 6 - Resonators
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=PFL Lumped model

= What does the variable w,, (t) now stand for?
= |t depends on the normalization

0 Pn(Xmax) =1 w(x,t) = Z Wy, cos(wpt) dpn(x) = Wy (Xmax, t) = wy cos(wnt) ¢p(Xmax) = Wy cos(wy,t)
n=1

= | umped variable stands for the deflection of the point of maximum deflection

L 1 L L
e %JO qbn(X) dx =1 & JO (,bn(gt) dgZ =1- %fo Wn(x; t) dx = %j;) Wn COS(a)nt) ¢n(xmax) dx = Wn COS(a)nt)

ME426 - Lecture 6 - Resonators

= L umped variable stands for the deflection of the center of mass, or average deflection

35



=P

Effect of tension on frequency




=PFL Solving the Eigenvalue problem (ll)

= \We will consider flexural resonators

o
% = We take a differential section, and we apply 2"9 Newton’s law:
)
:.E F=ma-V(x)—V(x+dx)+Nx+dx)w'(x +dx) — N(x)w'(x) = pA dx%
§ —a—de+N(x)az—de=pAdxaz—W \ N
n 0x 0x?2 0t2 v ()
3 oV 0*w 0°w  9° d°w a°w d°w -
% a—NW=—IOAW—>W(ElaxZ> oA axz _—pAW N(?C)
/

d*w oA d*w pA 0*w
37 dx* EI 0x? EI ot?




=PFL Solving the Eigenvalue problem (ll)

= \WWe will consider flexural resonators, with uniform, monomaterial cross section
d*‘w oA d*w pA 0*w

ax* EI ax2  EI ot?

= Still, we can do separation of variables, solution of the form: w(x, t) = X(x)T (t)

= But this equation, in general, is much harder to solve

= We can do one simple thing, when the effect of stress is relatively small:
= Assume that the eigenvectors are not modified
= Look how much the eigenvalues change

ME426 - Lecture 6 - Resonators
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=PFL Solving the Eigenvalue problem (ll)

0%w 0%w | 04w
pA—— = GA—— + El —— = 0

= \We project on one mode

ME426 - Lecture 6 - Resonators
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=PFL Solving the Eigenvalue problem (ll)

0%w 0%w | 04w
pA—— = GA—— + El —— = 0

= \We project on one mode

ME426 - Lecture 6 - Resonators
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=PFL Solving the Eigenvalue problem (ll)

0%w 0%w | 04w
pA—— = GA—— + El —— = 0

= \WWe project on one moge

L L L
pAw, (t) f $2(x) dx + Elw, (t) f b (x) dx + cAwy, (t) f ¢, % (x)dx = 0
0 0 0

, _E[; ¢°()dx oA [y ¢4’ (x) dx
"UPA fgzmdx  PA [Fei(x) dx

w

ME426 - Lecture 6 - Resonators

L, _EL1 [ $©dE oa1 [y '@ dE
tOPALY [foke)ds  PAL® [142(9) dg




“PEL

=P
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L Solving the Eigenvalue problem (ll)

EI1 [, ¢ (©)dE

oA 1 [ n’(§) d&

Wy =

2

EI 1 J, p*(&) dé&

PALY ["p2() d¢

Wn =

Wn =

PALY [12(8)déE

ElI 1

PAL? L g2(5) de

(

IO'A f dn (f)df
I [ on?(&) de

b (o) )



=P

Solving the E.O.M.




=PFL Solving the E.O.M. - Fourier transform

meff,nwn(t) Feff,nwn(t) L keff,an(t) — Feff,n(t)

MeffnWn

Un

meff,nwn(t) | Wn(t) + keff,an(t) — Feff,n(t)

Fo(w)

meff,n

(0, (D
wz — w?+i éln

Wn (w) —

ME426 - Lecture 6 - Resonators
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=PFL Solving the E.O.M. - Fourier transform

ME426 - Lecture 6 - Resonators

45

.. meff,nwn .
meff,an(t) | 0 Wn(t) + keff,nwn(t) — Feff,n(t)
n
2
Fn(a)) Fn(a))
m m
W (@) = I s = Wy (@)]? = e ;
W — w? + i Wy W
" 0, (w0} — 0?2 + (452)
2 Qn
(W)
2Meffn

2

(1-5) + ()




=PFL Solving the E.O.M. - What if we have stress???

MeffnWn

Wn(t) + keff an(t) — Feff,n(t)
Merrn = pAL f B2(E) dé

P —
pAwy

meff,nwn (t) |

o=0 El : 112
keff,n ZEL ¢n (5) d€

L
Forrn = fO p(x, ) (x) dx

EI ! A !
Kypn =13 | O @as+ 7| oiF@ s

ME426 - Lecture 6 - Resonators

46



m Ecole
polytechnique
fédeérale
de Lausanne

-

6.3 - Resonators
Coupled resonators,
Nonlinearity
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=P~L Introduction

= Coupled resonators
= Nonlinearity - Origins

= Dynamic nonlinearity - Duffing

ME426 - Lecture 6 - Resonators
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=P

Coupled resonators




=P~L Coupled devices

SJ101eUOSs Y - 9 =2lNioo| - 974N

50



=P~L Coupled devices

= Individual resonators
= Coupled via shared mechanical ledge

= Modelling
= Coupling: Feoupting = x(x1 — x2)

= Equations of motion

" ¥+ 0 Q7 wixg +D(x; —x3) = F

. —_ . 2 _
" ¥+ wQ My +wix, —D(xg —xp) = F

ME426 - Lecture 6 - Resonators



=PFL Eigenvalues//Eigenmodes

= \We solve by forcing both resonators to move with the same frequency
= Analogous to diagonalize the system

s —w?%x, ]wal x; + wix; +D(x; —x,) = F4
" _(,UZXZ ~+ ks X9 ~+ w%xZ — D(xl — xz) = Fz
—w? A "”Q‘”l + w?+D —D
. —D —w? ijwz - w5

= Eigenvalues

2 2 Y 5
- w?=w2, +D 1+ wh=wky+D(1+ [1+(5)

, W2 +w3
= with: w2, = = 6 =

ME426 - Lecture 6 - Resonators
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L Eigenvalues//Eigenmodes

= Eigenvalues

. w2 = w2 0(1—\/1 (5)2>-w2 = w2 0(1
I av D ) I av
o)

wi+ws.

= With: w2, =

= Eigenvectors

" 5+V82+D2 " 5—V&2+D?2
AT D ; ey = D
1

= Note that for no initial mismatch (w; = w-)

cof=oh e=3())
* Wi = wh + 2D; 311=\/_1§(_11)

\/ 1




=PFL Eigenvalues//Eigenvectors

= Experimental measurement

= Eigenvalues

« 2L =16.79 MHz; =X = 17.25 MHz

2T 2TT

= Eigenvectors

Toas (0.7167); € = (—11.25)

N
o
é
® A~
-
O , 1 e 7 z
\ & & ~7"
TC \ \ ¢ \
- Y N \ & A \ \
W S S oy

[ ]
@
.
()
.
e
> ®
N
> e
.
%
~
(-
>
; y ®
NS\
S W\
(&8 \\\@\\ » (g
&
|

168 170  17.2

Frequency (MHz)
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=P

Nonlinearity




=P~L Where does NL come from?

= Material nonlinearity

= e.g. Strain-Stress ratio change
0O = EOE + Elgz + E2€3 + ..

F —_ kox + klxz + k2x3 + .-

0
w S
o o
. ] . ]

Stress/E (%)

[EEY
o
1 . 1

o
1 .

ME426 - Lecture 6 - Resonators

0O 10 20 30 40
Strain (%)
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=PFL Origins of nonlinearity

= Material nonlinearity
= e.g. Strain-Stress ratio change

= Actuation nonlinearity
= e.g. capacitive drive

. C Co C3 5 Cy 3
F=—kx Zz —k+—3 x+—4x +—5X + .-
(go + x) 9o 9o 90

06tput electrode
(Le. circuit input)

‘Input electrode |

Minac *Vinoe)

== Vibrating
: cantilever

ME426 - Lecture 6 - Resonators

57 Kacem et al., JMM, 2010



'

P~L Origins of nonlinearity

= Material nonlinearity
= e.g. Strain-Stress ratio change

= Actuation nonlinearity
= e.g. capacitive drive

= “Large displacements” nonlinearity
= e.g. departure from small deformations approximation

_ou 1 0u2+ i 2+ ow\”
= 9x 2|\ ox 0x 0x

ME426 - Lecture 6 - Resonators
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=PFL Origins of nonlinearity

= Material nonlinearity
= e.g. Strain-Stress ratio change

= Actuation nonlinearity
= e.g. capacitive drive

% = “Large displacements” nonlinearity

:') = e.g. Built-in tension from deformation

E = Deflection of the beam gives rise to an elc%ngation caused by the motion:
S AL 1

1 , 5

| —_— =, = — d

< L"), " (x)"dx

N

=

= [his required elongation causes a stress to appear in the beam
o, =E¢, >N =FE¢, A

59



£PFL Built-In tension Nonlinearity

EA (L
" Ninduced = Zfo w'(x)* dx

ME426 - Lecture 6 - Resonators
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£PFL Built-In tension Nonlinearity

EA (L
" Ninducea = Zf() w'(x)* dx

.. meff,nwn :
meff,an(t) | Q Wn(t) + kea;f,nwn(t) + C(W%(t) — Feff,n(t)
n

ME426 - Lecture 6 - Resonators



=P~L Lumped parameters - Normalization

mefann(t) T Fefann(t) + kefann(t) + QeffnWn (t) — effn(t)

1
Meorrn = PAL jo B2(E) dé

1
l_‘eff,n — CLfO Qb%(f) d€

A 1
=15 | oL@ dg+ 2 [ 47 dg
0

EA [ (1 ‘
Qeffn = ﬁ(fo Qb,z(st) df)

Fuppm =L j p(x, Dby (€) dé

ME426 - Lecture 6 - Resonators
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=P

Dynamic Nonlinearity




=P-L How does NL come into our E.O.M.?

= Linear: mzZ+T'z+ kz = G cos(wt)

= Solution: z(t) = zy - cos(wt — @)
or
» Solution: z(t) = %, - e/t + c.c.

N
O
Q 4.0 -
O .
D 3.5 -
m -
© 3.0
O .
D) -
= % 2.5
o) S :
n 2 20-
© Q. '
g & 15-
LI <C .
= 1.0 -
0.5 -
0.0 -




=P-L How does NL come into our E.O.M.?

= Linear: mzZ+I'z+ kz = G cos(wt)

ME426 - Lecture 6 - Resonators

65

= Nonlinear: mzZ+T1z+ kz -ﬂ= G cos(wt)

_ifshitz & Cross, ch. 1, Review of Nonlinear Dynamics, 2008
Multiple scales and secular perturbation theory: z(t) oc- el®t 1 ¢ c.

= Change of variables:

1

: 1 k — >
- Slowtime: T =t= |— = tewy; QO =-""20Q; A= |z| (ﬂ)z iOT

Q\m Wo m wy




=P-L How does NL come into our E.O.M.?

= Linear: mzZ+I'z+ kz = G cos(wt)

= Nonlinear: mzZ+T1z+ kz -ﬂ= G cos(wt)

= Lifshitz & Cross, ch. 1, Review of Nonlinear Dynamics, 2008

= Multiple scales and secular perturbation theory: z(t) oc- el®t 1 ¢ c.
= Change of variables:

1

: 1 k — >
- Slowtime: T =t= |— = tewy; QO =-""20Q; A= |z| (ﬂ)z iOT

Q\m Wo m wy

= Amplitude equation:
dA 1 g
—_— — 2 — I.QDT
s 2A (31 n)|A|*A = i>e

ME426 - Lecture 6 - Resonators
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=P-L How does NL come into our E.O.M.?

= Linear: mzZ+I'z+ kz = G cos(wt)

= Nonlinear: mzZ+1z+ kz -ﬂ= G cos(wt)

= Lifshitz & Cross, ch. 1, Review of Nonlinear Dynamics, 2008
= Multiple scales and secular perturbation theory: z(t) oc- el®t 1 ¢ c.

S = Amplitude equation:
- dA 1 9
Q 2 1QpT
—+=-A—=@3i—n)|A|“A=—i—-e"*D
$ 15 ( n|A| L5
©
o : : :
2 = Back to dimensional magnitudes:
)
—1
é G i 1 1 n
<t 2 >5A T a |z| %
0 2mw? Q 8 mw§
= 1z|? = > > tan(¢) =
W—wyg 3 « 5
W—Wy_ 3 _«Q 1|2 i 1 7 2|2 0o 8 mw2 ]
Wy 8 ma)(z) Q 8 m (2) 0



=P-L How does NL come into our E.O.M.?

= Linear: mzZ+I'z+ kz = G cos(wt)

= Nonlinear: mzZ+TI1z+ kz m G cos(wt)

= Bistability and histeretical behaviour
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=PFL Critical amplitude - Onset of non linearity
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= | [near:

= Nonlinear:

Amplitude
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0.0

mzZ+ Iz + kz = G cos(wt)

mz+1z

iz -QRRNEES G cos(wt)

When detuning of
maximum is the
linewidth
Onset of nonlinearity

a, X —




=PFL Critical amplitude - Onset of non linearity

= Detuning is the linewidth

1
a, X ——
N
= As a function of dimensions
g » Unstressed clamped-clamped beam, Membrane The smaller the resonator,
- ac X thickness the earlier it goes
- | | nonlinear
© = Cantilever, highly stressed beam or membranes
% a, < length
é = Capacitive actuation
% a. x gap

= Acoustic resonators (material NL)

a. < t,w,L
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6.4 - Resonators
Parametric drive,
Composite beams,
Surface effects

Prof. Guillermo Villanueva

m Ecole
polytechnique
fédeérale
de Lausanne




=P~L Introduction

= Parametric drive

= Composite beams

= Surface effects
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=P

Parametric drive




=P~L Parametric Drive

= Alternative actuation technique
= No force at w,, Is applied
= w, (Via k, m)is tuned at twice the natural frequency (2w,,)
= Motion occurs above an instability threshold

h
mZ+Tz+k (1 + ECOS((UPt)) z+ az® +nz%z = Gpcos(wpt)
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=P~L Parametric Drive

oo . h 3 2 .
mzZz+Tz+k|1 +ECOS(CL)pt) z+ az® +nz“z = Gpcos(wpt)

~

daA 'y h . 1 |
dT | )Z/A — iZA*elQPT _5(3&'1 —T])‘A‘ZA — —i%elﬂDT
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=P

Composite Beams




r-1

F
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L Frequency of composite beams

N N R OIS L AW Lo, (1 Rz
“TPA [Terpyar \ Bl [leyde) PALT n

El

(EI) = j E(y, 2)(z — 20)2dydz
A

(pA) = j p(y,z)dydz
A

(gA) = fa(y, z)dydz
A

(EI) 1, dp2(8) d¢ (oh) , [P onZ@©de\  (EN 1

2

|

wZ = = B2 (1 |
(pA) L% [ ¢n(€)d€( (EI) | 4)”2(5)615) (pA) I* (EI)



=PFL Equation of motion

MeffnWn

Un

meff,nwn(t) Wn(t) kgff,nwn(t) — Feff,n(t)

1

Mefrn = (pA)Lf gbrzl(f) df
0

07t = —

L
Form = fo p(x, ) (x) dx
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=PFL Is Young Modulus the same for thin layers?
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=Cr cantilevers

=Force-Deflection experiment
=Apparent drop in Young’'s mod
snttps://doi.org/10.1063/11807945

— Fitting with E=68GPa

140+ ® Measured data

Resonant Frequency (kHz)
S
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= Sj cantilevers
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= Resonance freqguency

= Apparent drop in Young's mod
= https://doi.org/10.1063/1.1618369

(b) |

(@) 5| ® mode2
@ mode |

0  2x10° 4x10° 5x10°

= SiN cantilevers

= Resonance frequency
= Apparent drop in Young’'s mod
= hitps://doi.org/10.1063/1.3152772
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=PrL Surface-Volume ratio is key

= Surface modification is difficult to avoid (e.g. oxidation of materials in air)
= \WWhen thickness reduces, the surface state becomes more and more important

~ |{EI) 0.56 3(EI)
fl,cant — \1 (pA) 12 kcant — I3
(ED) = [ B 2)(z — 20)dydz () = [ p(v.2)dydz
A A
b
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=PrL Surface-Volume ratio is key

= Surface modification is difficult to avoid (e.g. oxidation of materials in air)
= \WWhen thickness reduces, the surface state becomes more and more important

f _ (ET) 0.56 . 3(EI) b,
1,cant V<PA> LZ cant — L3 ———
é (EI) = E bit? E btottior biti _r btottiot | (E, — E,) btottior Diti\ _
© 112 7720 12 12 Ve 12 12
g btottiot bit? _ & 0
g ~ By + (B, — E1) 2~ Eileoe | 1+ 2 (B — Ey)
S
=

o)
(PA) = p1bity + pa(brortior — Dt1) = p1Aiot (1 + 2 - (p2 — P1))
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